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Abstract

In this article, the numerical solutions of Initial VValue Problems (I\VPs) of general second order
Ordinary Differential Equations have been studied. Continuous implicit block 4 step method for
solving this type of problem has been developed through the idea of Taylor’s expansion. The
main scheme obtained was implemented together with the block formula for the numerical
solutions of second order ordinary differential equations. Numerical example was presented to
illustrate the applicability and efficiency of the method. The result obtained when compared
with exact solution and existing method are favourable.
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Introduction

Many fields of applications, notably in
Mathematics, Sciences and Engineering
yield Initial Value Problems of Second
order ordinary differential equations are of
the form:

¥ =f(xny) @ =yy@ =8 Q)
Many of such problems may not be easily
solved analytically, hence numerical
schemes are developed to solve such
equations. These problems are always
reduced to systems of first order equations
and numerical methods of first order
differential equations are used to solve
them (Awoyemi,1999). This approach is
inefficient; a lot of human efforts were
wasted on implementation due to the nature
of problems (Butcher, 2003).

Some researchers have attempted the
solution of (1) directly without reduction to
a first order system of equations, Chu and
Hamilton (1987) proposed a generalization
of the linear multistep method to a class of
multi-block methods to solve second order
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initial value problems type (1) directly, see
also Simo (2002). In a resent paper of Jator
and Li (2009), a proposed direct block
method as a self starting method for
accurate approximation to ¥' appearing in

equation (1) to be able to solve problem(1)
directly was made, see also Fatunla (1994).
The aim of this paper is to demonstrate by
using the present block method of order
(6, 6,6)Tderived to solve equation (1)
directly and compare its performance with

the predictor — corrector method proposed
by Awoyemi (2005) and Kayode (2004).

Analysis of the method

The numerical method of consideration for
direct integration of general second order
differential equation of type (1) is of the
form:

Ej'f:ﬁ BiVnej = h? Ef:ﬁﬁj fn+_;|' (2)
which is expressed as:

Ynte = Hg¥n + 0 Ypgg +o

Oy Vnsr—1 + R [Bofu + Bifusy -+
ﬁkfn+k

]
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where vy, ; is an approximation to
}"(xn—_;l'} and fn+_;|' = f(xn+_;|': J"‘n+_;l',}'1’n+_;.'}
The co-efficient o<; and f5; are constants

which do not depend on nsubject to the
conditions o, =1, |ag| + |Fa] # 0 and are
determined to ensure that the method is
consistent and zero stable. Also, method
(2) is implicit since 5 = 0, Ismail (2009)
and can be written symbolically as:

p(E} ¥n— h"‘lé‘(E} =0f = f(xm}"n}
where E is the shift operator defined by
E'Y = Vns; Whilep (E) and &(E) are
respectively the first and second

characteristic polynomial of the linear
multistep method as:
K

p(E)=) B0, §(E)=

Following Fatunla (1988) and Lambert
(1973), we define the local truncation error
associated with equation (2) by the
difference operator

Lly(x):h]l = Bl gloc; y (x, + jh) —
h2B;y (x + jH)]
©)

Where y(x) is assumed to have continuous
derivatives of sufficiently high order.
Therefore, expanding equation (3) in
Taylor’s series about the point x to obtain
the following expression: _
Lly(x):h] = coy(x) + crhy (x) +
c2h2y () + - + cgh?y? () + -

4)
where:
CE, = le}+ E(1+ D:2+ b +|:(k
0y = DC1+ 2 DCn+"'+ kl}ck
= o+ 22 oy k2 o ]- [, +

b+ ﬁ'ﬂ"‘ -+ Bl

Cﬂ=

€qg =

1 1

— oy + 29 K+ KT o |- +
~lo+ 27 oy J- o A
2972B, + e+ KTT2B,]

In the sense of Lambert (1973), we say that,
the method has order g if,
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and

€q+2 Is called error constant and implies

that the truncation error at the point x,, is
given ) by
Tosx = Cq+:hq+2}"‘q”}(xn} +0(h9%3)

Derivation of the schemes
We construct an implicit linear four step
method of maximal order two, containing
one free parameter. That is:

E_?:I} BiVnej = h* E_?Z[!lﬁjf?!-F}'

This can be expressed as:

()

Oy ¥ Ty Va1 T8 Vigo X3 Vigg T0s Vs

= h[Bofu + Bifus1 + Bafnsz +

_ BafusstBafnsal

(6)

Cg=0] =C3=€3=C4=Cg= tg= t;=10,
Since k& = 4 then, ;=1
By hypothesis, let ®g= b, where b is the
free parameter
The remaining unknown parameters are:

3,53, B80, F1, Pz, B3, and By
We expand the equation (6) in Taylor’s
series as:
Bg ¥ =g Vn (7)
04 Yps1 =K1 Vp [25 + 1]

' hz " ||ﬂ
=0y D’:—: + h}’ + o }"n _}‘n
i

8)
Bz Vpso =07 Wy [.'X.' + Eh]
;h}

R

=0, Dn+2h} + = pL

L.ﬂh}s T L;h} T L;h} .
a T Ty }'LH+T}' ¥l
)
03 Vpsz =X3 ¥ [ X, + 3R]

(3h)2

=g D’n+3h}? +_}n +

(3n)® COMN
3l g ) om

lEh}
5!

}1nlli+
ntol

(10)
Oy Vpas =04 [ X, + 4h]
=0ty [, +4.i’1} +4—h}+};.2
(4h)® (4n)* o " 'ﬁh}
3! 4! n 5!
(11)
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Bofa = BoY',, (12)
Bifusr = By, [xn + R]

. " h5 hE- .
=hly,thy oyt yi, Tt
R v R* LA
;} n =+ ;} n +...]

(13)
Bafusz =By’ [x, + 2h]
: n (Zr)* .,

=foly, +2hy , +— "0 +

E L1 + E},L‘ +

3! n 4! n

(2R)° v o

s 7 m +--]
(14)
Bafu+s = B3y, [x, + 3h]
= Bsly ', + 30y, +
,:ah}ﬂ ':3?2::'5 -
2 Y m 3 Yot
l:ﬂh}“ v |:3h:|5 i awsn
4! n 5 Y7 n +-]
(15)
Bafnsa = Bay'ylxn + 4H]
: " (4R)®
=ﬁ4|’.}1n+4h}1 ] +T}1 H +
(an)® it (ah)* =L
2 Yoty Vet
(an)* LUE
= V. + ]
(16)
By comparing the series (7) to (16) with
(4), we have;
Cp =gtoy+ X +0+ =0  (17)

o =%[D€1+ 22 o0, + 37 oeg+ 47 o] —
[Bo+ f1+ Bat fat+Ba]=0
(19)
Cg :i['xl‘l‘ 23 'xz‘l‘ 33 'xg‘l' 4‘3 'xq_]_
[By + 22 + 363 +4B,] =0
(20)

1 7 2 a

o (B + 228, + 32B; + 478, =0

(21)

~[B+ 236, + 3363+ 43651 =0

(22)

Cg = % ['xl‘l‘ 26 'xz‘l‘ 36 'xg‘l' 4‘6 DC4] -
S8+ 2%, + 36, + 4*6,1 = 0

(23)
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€; = % [oy+ 27 o+ 37 ocg+ 47 o] —
) !
o [y + 256, + 3°63 +4°6,]1 = 0

(24)

1
Cg = E ['xl‘l' 28 'xz‘l‘ 38 'xg‘l' 4‘3 DC4] -

1
= (6, + 256, + 356 +4%8,] = 0

By substituting <= b, 4= 1 in equations
(17), (18) and simplifying the equations
(19) to (24), we have:
'x1+ 2 'xz‘l‘ 3 'x:g: _":]:' (26)
oo+ 4o+ 90— 2[F + 5+ B+
Bz +p] =-16

(27)
o+ B, + 27 wg—6[5 + 26, + 36 +
46.] = —64

(28)

ot + 16 06,4+ 81 ccg—12[8 + 4B, +
965 + 16f8.] = —256

(29)
0ty + 32 oo+ 243 0, —20[F, + 86, +
2765 + 648,] = —1024

(30)
0o+ 64 00,+ 729 oc;— 30[F + 166, +
818, + 2565,] = —4096
(31)

00y + 128 00,4+ 2187 00— 42[B, + 328, +
24385 + 10248,] = 0

(32)
From equations (25) and (26), we have:
oa=203—3+b
'xj_:'xa‘l‘ 2 - Zb
By substituting the values of ;and ©3 in

equations (28) to (32), we obtain the
following equations:
12 c3—6[B) + 26, + 363 +46.] =
—42 — 6b

(33)
5{] DCE_ 12[&1 + "]:'ﬁ: + gﬁa + 15}94] =
—210 - 14b

(34)

180 ocg— 20[5y + 8F, + 2753 + 64f5,] =
—930 - 30b

(35)
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602 oc;— 30[B, + 168, + 816s +
256f,] = —3906 — 62b

(36)
1932 03— 42[f, + 328, + 24365 +

10248,] = —16002 - 126b

(37)
From the equation (33), we have:

1
'x3=§[.31+ 26, + 383 +4p,—7 — 1]
Substitute the value of ofzinto equations

(33) to (37) to obtain:
13/ + 26, — 3363 — 92f, =
—35+ 11b
(38)
606, + 208, — 27085 — 9208, =
—300 + 60b
(39)

2716, + 122, — 152785 — 64768, =
—1799 + 2395

(40)
9248, + 588/, — 7308/, — 391445, =
—9240 + 840b
(41)
From equation (38), we have:
1
B = 3 [33/; — 136, + 92F, — 35 + 115h]

Substitute the value of fiz into equations
(39) to(41) to get:

—708, + 6085 = 50 — 50b (42)
—522B, + 48635 — 864,
=336 — 432b (43)
—289883, + 23945, — 120965, =
1050 — 2394b

(44)

From the equation (42), we have:
1
By = %0 [705, + 50— 50b]

Substitute the value of f3 into equations

(43) and (44) to obtain:

156, — 2888, = —23 —9b (45)
—356;, — 4032, = —315 — 133b (46)
By solving the equations (45) and (46), we
have:

1
(1066 +462b], B

B = 73 =T [1066 + 462b]
Substitute the value of 5 into equation (46)
to get:
1591 —63b
377630
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Substitute the value of 54,57 and S into

equation (38) to obtain:
_ 63004 — 7461350

: 17640
By substituting the value of f, 2,83 and
B4 into equation (33) and putting the result

obtained in equations (25) and (26), we

have:
_ 1452233 -705600

_ —171743-T793808

3T 17640 P BE20
120563 —1058408)
and oiy= ——mMM—
17640
Substitute the values of

00y, g, 09,00, f1, 82,63 and f. into
equation (27) to get:
127465 + 23583b
°- 35280
By putting the values of g, 00,05,

03, 4,50, 51,52, Fa, and fs into equation

(6), we obtain the following schemes:
. (120563 —1052408) i
b}'n + 17540 Vas1 +

(—171743+793808)
L o
2820 ¥ne2
(145283705608 )
17640
h'}.

e [(12746 + 23583b)f, +

4(1066 - 462b)f,., + 2(63004 —
74613b) fyn +

Vn+at Vpza =

56(1591 —
63b) frez + 5(533 + 231b)f,24]
(47)
Since b is a free parameter,
Leth = —3,—2, 2 and 3, and substitute into

equation (47) to obtain the following
proposed block scheme:
493083 409883 35693

Y1 - mta +
" 17640 Yt ™ Taaa0 Tm2 T 7640
——[5800f,, — 15360f,.+1 +
5736862, + 9968023 — 800y

=3, Vnt3 T Vnta =

B0 S 2ses
7 7600 T Taga0 T 17640
(34420, + 6816, + 424607, 1, + 9615275 + 3557 ..]

31117 ‘ 12933 - 4163 v =
1?540}'n+1 2820 Vntsz 1?540}'”” Vnta =

Ynt3 T ¥nts =

”
&

35280
2Yy

bl

h.r.
o B, 4550 T O T
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) 136957 66337

Vn = Jogag Vet Ty Vas2 T
66397 R
Treag Yn+3 T Vnts = 0 [83495f, +

117696 f,41 — 321670f,45 +
78512 f,.q+ 6130f,24]

(48)
The block scheme of 48 is of orders

[6, 6,6, 6]7 with error constants
26 415 335 54 T

[339’ 1776’ 1776 ' sE

Numerical experiment
In order to confirm the efficiency of the
proposed method for & = 4, The following

Initial Value Problem was used as test
problem:

. ~Z . 1
vy —x(y") =I[],y(ﬂ}=1=}r(ﬂ}=§,h=ﬂ.{15

24x

Exact solution: v(x) = 1+ %ln

Source: Awoyemi (2005) and Kayode
(2004)

Our results were compared with the exact
solution and results of Awoyemi (2005) and
Kayode (2004). All calculations and
program are carried out with the aid of
Maple Software. The approximate solution
for this problem using the proposed method

is presented in the below:
Table 1:Comparing the errors in the proposed methods to errors in Awoyemi and Kayode.

X Exact Solution Approximate Solution Errorin Errorin Errorin
Proposed Awoyemi Kayode [2004]
Method [2005]
0.1 | 1.05004172927849140 | 1.0500417292784030 | 1.1102E-15 | 6.6391E-14 | 7.1629E-12
0.2 | 1.10033534773107560 | 1.1003353477310696 | 5.9952E-15 | 2.0012E-10 | 1.5091E-11
0.3 | 1.15114043593646700 | 1.1511404359356441 | 2.5535E-14 | 1.7200E-09 | 4.5286E-11
0.4 | 1.20273255405936467 | 1.2027325540540112 | 7.1054E-14 | 5.8946E-09 | 1.0808E-10
0.5 | 1.25541281188299550 | 1.2554128118828796 | 1.1568E-13 | 1.4434E-08 | 1.7818E-10
0.6 | 1.30654437542713964 | 1.3095196041202992 | 1.1990E-13 | 4.1866E-08 | 4.4434E-10
0.7 | 1.36544375427139640 | 1.3654437542720822 | 6.8567E-13 | 5.3109E-08 | 7.4446E-10
0.8 | 1.42364893019360220 | 1.4236489301970776 | 3.4754E-12 | 9.1131E-08 | 1.5009E-10
0.9 | 1.48470027859405200 | 1.4847002786062715 | 1.2219E-11 | 1.4924E-07 | 3.7579E-09
1.0 | 1.54930614433405540 | 1.5493061443713383 | 3.7282E-11 | 2.3718E-07 | 4.7410E-09
Computational Mathematics, 82,
Conclusion 271-284.

The constructed k-step linear multistep
method using Taylor series as a basis
function for approximate solution was used.
A new scheme with continuous coefficient
is obtained which was applied to solve
special and general second-order Initial
Value Problem in ordinary differential
equation. Evidence of the better accuracy of
our method over existing methods is as
shown in Table above.
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