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Abstract 

In this article, the numerical solutions of Initial Value Problems (IVPs) of general second order 

Ordinary Differential Equations have been studied. Continuous implicit block 4 step method for 

solving this type of problem has been developed through the idea of Taylor’s expansion. The 

main scheme obtained was implemented together with the block formula for the numerical 

solutions of second order ordinary differential equations. Numerical example was presented to 

illustrate the applicability and efficiency of the method. The result obtained when compared 

with exact solution and existing method are favourable. 
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Introduction 

Many fields of applications, notably in 

Mathematics, Sciences and Engineering 

yield Initial Value Problems of Second 

order ordinary differential equations are of 

the form: 

  (1) 

Many of such problems may not be easily 

solved analytically, hence numerical 

schemes are developed to solve such 

equations. These problems are always 

reduced to systems of first order equations 

and numerical methods of first order 

differential equations are used to solve 

them (Awoyemi,1999). This approach is 

inefficient; a lot of human efforts were 

wasted on implementation due to the nature 

of problems (Butcher, 2003). 

 

Some researchers have attempted the 

solution of (1) directly without reduction to 

a first order system of equations, Chu and 

Hamilton (1987) proposed a generalization 

of the linear multistep method to a class of 

multi-block methods to solve second order 

initial value problems type (1) directly, see 

also Simo (2002). In a resent paper of Jator 

and Li (2009), a proposed direct block 

method as a self starting method for 

accurate approximation to  appearing in 

equation (1) to be able to solve problem(1) 

directly was made, see also Fatunla (1994). 

The aim of this paper is to demonstrate by 

using the present block method of order 

derived to solve equation (1) 

directly and compare its performance with 

the predictor – corrector method proposed 

by Awoyemi (2005) and Kayode (2004). 

 

Analysis of the method 

The numerical method of consideration for 

direct integration of general second order 

differential equation of type (1) is of the 

form: 

            (2) 

which is expressed as: 

] 
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where is an approximation to 

and  

The co-efficient  and  are constants 

which do not depend on subject to the 

conditions  and are 

determined to ensure that the method is 

consistent and zero stable.  Also, method 

(2) is implicit since , Ismail (2009) 

and can be written symbolically as: 

 
where  is the shift operator defined by 

 while  and  are 

respectively the first and second 

characteristic polynomial of the linear 

multistep method as: 

 
Following Fatunla (1988) and Lambert 

(1973), we define the local truncation error 

associated with equation (2) by the 

difference operator  

   (3)  

Where  is assumed to have continuous 

derivatives of sufficiently high order. 

Therefore, expanding equation (3) in 

Taylor’s series about the point  to obtain 

the following expression: 

  (4) 

where: 
           

           

    

  

  

In the sense of Lambert (1973), we say that, 

the method has order if,  

 and 

. 

 is called error constant and  implies 

that the truncation error at the point  is 

given by  

 

 

Derivation of the schemes 

We construct an implicit linear four step 

method of maximal order two, containing 

one free parameter. That is: 

  (5) 

This can be expressed as: 

 

    (6) 

 
Since  then,  

By hypothesis, let where  is the 

free parameter 

The remaining unknown parameters are: 

 and  

We expand the equation (6) in Taylor’s 

series as: 

      (7) 

  

    (8) 
  

  (9) 

] 

              (10) 

] 

(11) 
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               (12) 

  

             (13) 

 

            (14) 
  

    (15) 

 

        (16) 

By comparing the series (7) to (16) with 

(4), we have; 

       (17) 

   (18) 

      (19) 

        (20) 

 (21) 

 (22) 

 (23) 

 (24) 

 

 

By substituting  in equations 

(17), (18) and simplifying the equations 

(19) to (24), we have: 

        (25) 

       (26) 

        (27) 

         (28) 

        (29) 

       (30) 

       (31) 

        (32) 

From equations (25) and (26), we have: 

 
  

By substituting the values of and  in 

equations (28) to (32), we obtain the 

following equations: 

        (33) 

          (34) 

          (35) 
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        (36) 

        (37) 

From the equation (33), we have: 

 
Substitute the value of into equations 

(33) to (37) to obtain: 

         (38) 

          (39) 

         (40) 

         (41) 

From equation (38), we have: 

 
Substitute the value of  into equations 

 to  to get: 

       (42) 

 
        (43) 

         (44) 

From the equation (42), we have: 

 
Substitute the value of  into equations 

(43) and (44) to obtain: 

        (45) 

 (46) 

By solving the equations (45) and (46), we 

have:  

 
Substitute the value of  into equation (46) 

to get: 

 

Substitute the value of  and  into 

equation (38) to obtain: 

 
By substituting the value of  and 

 into equation (33) and putting the result 

obtained in equations (25) and (26), we 

have:  

 

and  

Substitute the values of 

 and  into 

equation (27) to get: 

 
By putting the values of , , 

, , , and  into equation 

(6), we obtain the following schemes: 

   (47) 

Since  is a free parameter, 

Let  and 3, and substitute into 

equation (47) to obtain the following 

proposed block scheme: 

 

] 
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           (48) 

The block scheme of 48 is of orders 

 with error constants 

[  

 

Numerical experiment 

In order to confirm the efficiency of the 

proposed method for  The following 

Initial Value Problem was used as test 

problem: 

 

Exact solution:  

Source: Awoyemi (2005) and Kayode 

(2004) 

 

Our results were compared with the exact 

solution and results of Awoyemi (2005) and 

Kayode (2004). All calculations and 

program are carried out with the aid of 

Maple Software. The approximate solution 

for this problem using the proposed method 

is presented in the below: 

Table 1:Comparing the errors in the proposed methods to errors in Awoyemi and Kayode. 
X Exact Solution Approximate Solution Error in 

Proposed 

Method 

Error in 

Awoyemi    

[2005] 

Error in 

Kayode [2004] 

0.1 1.05004172927849140 1.0500417292784030 1.1102E–15 6.6391E–14 7.1629E–12 

0.2 1.10033534773107560 1.1003353477310696 5.9952E–15 2.0012E–10 1.5091E–11 

0.3 1.15114043593646700 1.1511404359356441 2.5535E–14 1.7200E–09 4.5286E–11 

0.4 1.20273255405936467 1.2027325540540112 7.1054E–14 5.8946E–09 1.0808E–10 

0.5 1.25541281188299550 1.2554128118828796 1.1568E–13 1.4434E–08 1.7818E–10 

0.6 1.30654437542713964 1.3095196041202992 1.1990E–13 4.1866E–08 4.4434E–10 

0.7 1.36544375427139640 1.3654437542720822 6.8567E–13 5.3109E–08 7.4446E–10 

0.8 1.42364893019360220 1.4236489301970776 3.4754E–12 9.1131E–08 1.5009E–10 

0.9 1.48470027859405200 1.4847002786062715 1.2219E–11 1.4924E–07 3.7579E–09 

1.0 1.54930614433405540 1.5493061443713383 3.7282E–11 2.3718E–07 4.7410E–09 

 

Conclusion 

The constructed k-step linear multistep 

method using Taylor series as a basis 

function for approximate solution was used. 

A new scheme with continuous coefficient 

is obtained which was applied to solve 

special and general second-order Initial 

Value Problem in ordinary differential 

equation. Evidence of the better accuracy of 

our method over existing methods is as 

shown in Table above. 
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